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Casework in Counting

JV Practice 3/15/20

Elizabeth Chang-Davidson

1 Warm-Up Problems

1. How many sets of two or more consecutive positive integers have a sum of 15?

2. Two fair coins are to be tossed once. For each head that results, one fair die is to be rolled.
What is the probability that the sum of the die rolls is odd? (Note that if no die is rolled,
the sum is 0.)

3. How many even integers are there between 200 and 700 whose digits are all different and
come from the set {1, 2, 5, 7, 8, 9}?

4. In the addition shown below A, B, C, and D are distinct digits. How many different values
are possible for D?

ABBCB
+ BCADA

DBDDD

5. For a particular peculiar pair of dice, the probabilities of rolling 1, 2, 3, 4, 5 and 6 on each
die are in the ratio 1 : 2 : 3 : 4 : 5 : 6. What is the probability of rolling a total of 7 on the
two dice?

2 Problems

1. The number 2013 has the property that its units digit is the sum of its other digits, that is
2 + 0 + 1 = 3. How many integers less than 2013 but greater than 1000 share this property?

2. A box contains exactly five chips, three red and two white. Chips are randomly removed one
at a time without replacement until all the red chips are drawn or all the white chips are
drawn. What is the probability that the last chip drawn is white?

3. A 3x3x3 cube is made of 27 normal dice. Each die’s opposite sides sum to 7. What is the
smallest possible sum of all of the values visible on the 6 faces of the large cube?

4. A bag contains two red beads and two green beads. You reach into the bag and pull out
a bead, replacing it with a red bead regardless of the color you pulled out. What is the
probability that all beads in the bag are red after three such replacements?

5. A set of 25 square blocks is arranged into a 5× 5 square. How many different combinations
of 3 blocks can be selected from that set so that no two are in the same row or column?

6. Jacob uses the following procedure to write down a sequence of numbers. First he chooses
the first term to be 6. To generate each succeeding term, he flips a fair coin. If it comes up
heads, he doubles the previous term and subtracts 1. If it comes up tails, he takes half of
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the previous term and subtracts 1. What is the probability that the fourth term in Jacob’s
sequence is an integer?

7. Two subsets of the set S = {a, b, c, d, e} are to be chosen so that their union is S and their
intersection contains exactly two elements. In how many ways can this be done, assuming
that the order in which the subsets are chosen does not matter?

8. Three red beads, two white beads, and one blue bead are placed in line in random order.
What is the probability that no two neighboring beads are the same color?

9. Bernardo randomly picks 3 distinct numbers from the set {1, 2, 3, 4, 5, 6, 7, 8, 9} and arranges
them in descending order to form a 3-digit number. Silvia randomly picks 3 distinct numbers
from the set {1, 2, 3, 4, 5, 6, 7, 8} and also arranges them in descending order to form a 3-digit
number. What is the probability that Bernardo’s number is larger than Silvia’s number?

10. A 3× 3 square is partitioned into 9 unit squares. Each unit square is painted either white or
black with each color being equally likely, chosen independently and at random. The square
is then rotated 90 ◦ clockwise about its center, and every white square in a position formerly
occupied by a black square is painted black. The colors of all other squares are left unchanged.
What is the probability the grid is now entirely black?

3 Challenge Problems

1. Amy, Beth, and Jo listen to four different songs and discuss which ones they like. No song is
liked by all three. Furthermore, for each of the three pairs of the girls, there is at least one
song liked by those two girls but disliked by the third. In how many different ways is this
possible?

2. A bug travels from A to B along the segments in the hexagonal lattice pictured below. The
segments marked with an arrow can be traveled only in the direction of the arrow, and the
bug never travels the same segment more than once. How many different paths are there?

3. Tina randomly selects two distinct numbers from the set {1, 2, 3, 4, 5}, and Sergio randomly
selects a number from the set {1, 2, ..., 10}. What is the probability that Sergio’s number is
larger than the sum of the two numbers chosen by Tina?

4. A bug starts at one vertex of a cube and moves along the edges of the cube according to
the following rule. At each vertex the bug will choose to travel along one of the three edges
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emanating from that vertex. Each edge has equal probability of being chosen, and all choices
are independent. What is the probability that after seven moves the bug will have visited
every vertex exactly once?

5. How many non- empty subsets S of {1, 2, 3, . . . , 15} have the following two properties?

(1) No two consecutive integers belong to S.

(2) If S contains k elements, then S contains no number less than k.
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