Western PA ARML November 8, 2020

Recursion

Varsity Practice 11/8/20
C.J. Argue

1 Background

A recurrence is a rule that defines the n-th term of a sequence in terms of previous terms, along
with the value of the first term(s) of the sequence. Solving a recurrence means finding a closed-form
expression for the n-th term (i.e. writing the n-th term as a function of n).

Example. Solve the recurrence a,+1 = 2a, + 1 where ag = 0.
Solution. For each n, let b, = a, + 1. Then by11 = apy1 + 1 = 2a, + 2 = 2b,. It follows that

bp = 2b,_1 = 2%b, 9 = --- = 2"by = 2"(ap + 1) = 2".

Therefore, a, = b, — 1 = .

2 Warm-Up

1.
2.

Solve the recurrence b,4+1 = 3b, + n where by = 0.

The Fibonacci numbers are defined by the recurrence f, = fr_1 + fn_2, with fo = 0 and

f1 = 1. Prove that
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3 Solving recurrences

N o W

Solve the recurrence ¢, 1 = 5¢, + 3™ where ¢g = 0.

Solve the recurrence d,12 = d,, + 2d,, where dg = 0 and d; = 1.
Solve the recurrence 2¢e, = ne,_1 + 3 - n! with ey = 5.

Solve the recurrence gn4+2 = gn4+1 + gn + 1 where gy = 0.

Solve the recurrence h; 1 = h? + 2h; with hg = 1.

Solve the recurrence p, = pp—1 + npn—2 with pg =0, p; = 1.

(Brilliant) Solve the recurrence

dn _ dn—1 n+1
n2+m+6 nZ+6n+8 nZ+Tn+12°

where ¢y = 1.

(Brilliant) Solve the recurrence (n + 1)2r,,1 = n3r, + 1 with ro = 3.



